Abstract. In this paper we present the perturbative computation of the difference between the renormalization factors of flavor singlet ( fψ f Γψ f , f : flavor index) and nonsinglet (ψ f 1 Γψ f 2 , f 1 f 2 ) bilinear quark operators (where Γ = 1 1, γ 5 , γ µ , γ 5 γ µ , γ 5 σ µ ν ) on the lattice. The computation is performed to two loops and to lowest order in the lattice spacing, using Symanzik improved gluons and staggered fermions with twice stout-smeared links. The stout smearing procedure is also applied to the definition of bilinear operators. A significant part of this work is the development of a method for treating some new peculiar divergent integrals stemming from the staggered formalism. Our results can be combined with precise simulation results for the renormalization factors of the nonsinglet operators, in order to obtain an estimate of the renormalization factors for the singlet operators. The results have been published in Physical Review D [1] .
Introduction
Renormalization of flavor singlet operators is essential for the study of a number of hadronic properties, including topological features and the spin structure of hadrons; for example, the knowledge of the axial singlet renormalization factor is required to compute the light quarks' contribution to the spin of the nucleon [2] . Matrix elements of such operators are notoriously difficult to study via numerical simulations, due to the presence of fermion-line-disconnected diagrams, which in principle require evaluation of the full fermion propagator. Then it is quite a challenge to obtain accurate results for the renormalization of the singlet operators directly. In recent years there has been some progress in the numerical study of flavor singlet operators; for some of them, a nonperturbative estimate of their renormalization has been obtained using the Feynman-Hellmann relation, for both improved Wilson and staggered fermion actions [3] [4] [5] . Perturbation theory can give an important cross check for these estimates, and provide a prototype for other operators, such as:ψΓ D µ ψ (appearing in hadron structure functions) and (s Γ 1 d) (s Γ 2 d) (appearing in ∆S = 2 transitions, etc.),which are more difficult to renormalize nonperturbatively.
Given that the renormalization factors of the nonsinglet operators can be calculated nonperturbatively with quite good precision, we can give an estimate of the renormalization factors for the singlet operators through the perturbative evaluation of the difference between singlet and nonsinglet cases; this difference first shows up at two loops. The computation of the two-loop difference between the singlet and nonsinglet perturbative renormalization factors of all quark bilinears is the main goal of this work. Our results are presented in RI ′ and MS renormalization schemes, as well as in an alternative RI ′ scheme, more appropriate for nonperturbative calculations. Furthermore, we perform the computation, using a class of improved lattice actions: Symanzik improved gluons and staggered fermions with twice stout-smeared links. The corresponding calculation with SLiNC fermions had been previously performed by our group [6] .
Despite their relatively low computational cost and the absence of additive mass renormalization (due to chiral invariance), staggered fermions entail additional complications in their perturbative study as compared to Wilson fermions. In particular, the fact that fermion degrees of freedom are distributed over neighbouring lattice points requires the introduction of link variables in the definition of gauge invariant fermion bilinears, with a corresponding increase in the number of Feynman diagrams. In addition, the appearance of 16 (rather than 1) poles in the fermion propagator leads to a rather intricate structure of divergent contributions in two-loop diagrams.
A novel aspect of the calculation is that the gluon links, which appear both in the staggered fermion action and in the definition of the staggered bilinear operators, are improved by applying a stout smearing procedure up to two times, iteratively. Compared to most other improved formulations of staggered fermions, the stout smearing action leads to smaller taste violating effects [7] [8] [9] . However, double stout smearing produces an enormous number of terms to evaluate. Application of stout improvement on staggered fermions thus far has been explored, by our group, only to one-loop computations [10] ; a two-loop computation had never been investigated before.
Formulation and Calculational Setup

Lattice actions
In our calculation we made use of the staggered formulation of the fermion action on the lattice, applying a twice stout smearing procedure on the gluon links. In standard notation, it reads:
where χ(x) is a one-component fermion field, and η µ (x) = (−1) ν<µ n ν [x = (a n 1 , a n 2 , a n 3 , a n 4 ), n i ǫ Z ]. The relation between the staggered field χ(x) and the standard fermion field ψ(x), is given by:
4 . Since a single fermion field component χ(x) corresponds to each lattice site, the staggered action contains 4 rather than 16 fermion doublers, which are called "tastes". Then, a physical fermion field ψ(x) with taste components (totally 16 components) lives in a 4-dimensional unit hypercube of the lattice.
The gluon links U µ (x), appearing above, are "doubly" stout links, defined as:
, where U µ (x) is the "singly" stout link [11] :
V µ (x) represents the sum over all staples associated with the link U µ (x), ω is a tunable parameter, called stout smearing parameter and N c is the number of colors. Correspondingly, Q µ (x) is defined as in Eq. (2), but using U µ as links (also in the construction of V µ ). To obtain results that are as general as possible, we use different stout parameters, ω, in the first (ω 1 ) and the second (ω 2 ) smearing iteration.
For gluons, we employ a Symanzik improved action, of the form [12] :
Re Tr c 0 plaq.
(1 − U plaq. ) + c 1 rect.
(
where U plaq. is the 4-link Wilson loop ("1 × 1 plaquette") and U rect. , U chair , U paral. are the three possible independent 6-link Wilson loops ("2×1 rectangle", "2×1 chair", "2×1 parallelogram"). The Symanzik coefficients c i satisfy the normalization condition: c 0 + 8c 1 + 16c 2 + 8c 3 = 1 . We have selected a number of commonly used sets of values for c i , some of which are shown in Table 1 . 
Definition of Staggered fermion bilinear operators
In the staggered formalism, each physical fermion field component ψ α,t (where α is a Dirac index and t is a taste index) is defined as a linear combination of the single-component fermion fields χ that live on the corners of 4-dimensional elementary hypercubes of the lattice. In standard notation:
where χ C (y) ≡ χ(y + aC)/4, y denotes the position of a hypercube inside the lattice (y µ ∈ 2Z), C denotes the position of a fermion field component within a specific hypercube (C µ ∈ {0, 1}),
4 and ξ µ = γ * µ . Using Eq.(4), one can define the fermion bilinear operators O Γ,Ξ =ψ(y) (Γ ⊗ Ξ) ψ(y) (where Γ and Ξ are arbitrary 4 × 4 matrices acting on the Dirac and taste indices of ψ α,t (y), respectively) in terms of the staggered fermion fields χ C (y) [13] :
where one inserts the quantity U C,D , which is the average of products of gauge link variables along all possible shortest paths connecting the sites y+C and y+ D, in order to restore gauge invariance. Using the relations γ µ γ C = η µ (C)γ C+μ and Tr (γ † C γ D ) = 4δ C,D , the taste-singlet staggered fermion bilinear operators take the following form:
where a + 2 b ≡ (a + b) mod 2 and S (Scalar), P(Pseudoscalar), V(Vector), A(Axial Vector), T (Tensor) correspond to: Γ = 1 1, γ 5 , γ µ , γ 5 γ µ , γ 5 σ µν respectively and Ξ = 1 1. Just as in the staggered fermion action, the gluon links used in the operators, are doubly stout links. We have kept the stout parameters of the action (ω A 1 , ω A 2 ) distinct from the stout parameters of the operators (ω O 1 , ω O 2 ), for wider applicability of the results.
Renormalization of fermion bilinear operators
The
In order to calculate the renormalization factors Z Γ , it is essential to compute the 2-point amputated Green's functions of the operators O Γ • ; they can be written in the following form:
where Σ
(1)
whereμ is the renormalization scale (normally chosen equal to MS scale, i.e.μ = µ (4π/e γ E ) 1/2 ) and Z ψ is the renormalization factor for the fermion field (ψ = Z 
where a summation over repeated indices µ and ν is understood. This scheme has the advantage of taking into account the whole bare Green's function and therefore is more appropriate for nonperturbative renormalization via numerical simulations where the arithmetic data for Σ Γ cannot be separated into two different structures. RI ′ and RI ′ -alternative prescriptions differ between themselves (for V, A, T) by a finite amount.
The renormalization factors Z L,MS Γ for the operators O Γ • in MS scheme can be evaluated using the regularization independent conversion factors C Γ (g, α) between RI ′ and MS schemes, as below:
where Z P
(g) and Z
A 5 (g) are additional finite factors, so that Pseudoscalar and Axial Vector operators satisfy the Ward identities; we also note that the value of Z A 5 for the flavor singlet operator differs from that of the nonsinglet one. The values of the conversion and "Z 5 " factors are calculated in Refs. [14, 15] .
Computation and Results
Feynman Diagrams
There are 10 two-loop Feynman diagrams that enter in the computation of the 2-point amputated Green's functions of the operators, contributing to the difference between flavor singlet and nonsinglet operator renormalization; they are shown in Fig. 1 . They all contain an operator insertion inside a closed fermion loop, and therefore vanish in the flavor nonsinglet case. Given that this difference first arises at two loops, we only need the tree-level values of Z ψ and of the conversion factors C Γ , Z P 5 . The contribution of the diagrams in Fig. 1 to Z P , Z V , Z T vanishes identically just as in continuum regularizations. Unlike the case of Wilson fermions [6] , Z S also vanishes for staggered fermions. The closed fermion loop of the diagrams which contribute to Z S , Z P , Z T , gives an odd number of exponentials of the inner momentum; this leads to odd integrands, which equal zero, due to the symmetry p µ → p µ + πν (where µ, ν can be in the same or in different directions) of the staggered propagator. So, for the cases of Z S , Z P , Z T , the contribution vanishes diagram by diagram. Conversely, for the case of Z V , each diagram vanishes when we add its symmetric diagram (diagrams 6+7, 8+9). Therefore, only Z A is affected; in particular, only diagrams 6 -9 contribute to Z A .
Technical aspects: Treatment of nontrivial divergent integrals
The different pole structure of the staggered fermion propagator gives rise to some nontrivial divergent integrals in the computation of the above two-loop diagrams. In particular, there appeared 4 types of nontrivial divergent 2-loop integrals:
where r 2 = µ r 2 µ , r µ = 2 sin(r µ /2),
• r µ = sin(r µ ), (in this case r = p or k or aq or 2p or (p + k) or (k + aq)) and q is an external momentum. The crucial point is the fact that we cannot apply standard subtractions of the form 1/
, as in Wilson fermions, because of the existence of potential IR singularities at all corners of the Brillouin zone (not only at zero momentum), in the staggered fermion propagator. Therefore, such a subtraction will not alleviate the divergent behaviour at the remaining corners of the Brillouin zone.
Below, we describe a proposed method for treating such nontrivial integrals. At first, we perform the substitution p µ → p ′ µ + π C µ , where −π/2 < p ′ µ < π/2 and C µ ∈ {0, 1}. Now the integration region for the innermost integral breaks up into 16 regions with range [−π/2, π/2]; the contributions from these regions are identical. To restore the initial range [−π, π], we apply the following change of variables:
Next, we apply subtractions of the form:
Then, we end up with standard (in the literature) divergent integrals [16] [17] [18] and convergent terms that we can integrate numerically for a → 0. The final expressions for the four integrals are given by:
where P 1 , P 2 , X 2 are given in Ref. [16] and G 1 = 0.000803016(6), G 2 = −0.0006855532(7), G 3 = 0.00098640(7) and G 4 = 0.00150252(2).
Final results
As we have noted in section 3.1, the two-loop results for Scalar, Pseudoscalar, Vector and Tensor operators are zero; for the Axial Vector operator, our result can be written in the following form: forμ = 1/a. We notice that the plots for the Iwasaki action are flatter than the remaining actions. Also, in Fig. 2 we notice that there is only one minimum, on the 45
• axis. Therefore, the two smearing steps of the fermion action give better results than only one smearing step. Furthermore, we observe that the stout smearing of the action is more effective in minimizing Z diff. A than the stout smearing of operators. Some other graphs of our result for certain values of the Symanzik coefficients and the stout smearing parameters can be found in [1] . 
